
Higher Category Theory - Lecture 3

Definition:An a-category is a simplicial seta such that

every inner harn admits an Inon-unique) extension.

Proposition:The productXxY of 8-cats is an x-cat.

Proposition:The coproductX HY of X-cats is an i-cat.

Definition:An a-subcategory is a sub-simplicial set 6" ( such
that*n,2 and osten, f:**-6 such that fwl6', then
fran)6:
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Example:Consider Cate [Gath. Notice that N./Catel Gate as a sub-
complex, butnotas a o-subcategory.

Definition:A6'EC is a full o-subcatif FatG, we have
that at Gnif ai e6%.

Definition:Consider the involution op:1-I given by
(n] -> [n]

f =4fo,...,fu ↓ <m-fe, ... m-fub
[m] ->[m]

Then 6:jop- setbe a simplicial set. Then Gop defines
the opposite category.



We have that now, IHP=Iop, and /w=1nw.

Definition:Afunctor between y-cats is a simplicial map F:6+8.
We define Cats, whose objects are 8-cats, and morphisms are
functors of orcots.

Proposition:

I
Functers 0: 34] -O 3(Nature transformations]-St laxos6x40) -0=

and $10x21: 6x413 --0=G

Definition:An o-nature transformation between functors toand II is a simplicid map 4:ex41to such that
Plexsis* Fi.

Homotopy Category of D-categories
The fundamental category of a set X is

i) A category hX;
ii) x:X -> N./4X) s.4 for categories 3

x *: Hom/N. /hx), N.6)- Hom/X, N. 6)

is a bijection.
proposition:We constructby generators and relations:
i) obhX =Xo

ii) morkX= (an;...;an] where [a]=[7, and [g,f]v(h] if art,



an,-9 and do,z=h.

This construction gives a functor hisset- cat s.t

Homeat/hx,6) -> Homsset/ X, N.6)
-> x
Homsset/N./hx),N.6)

Definition: Let t be an x-cat, and
homerx,y = [feGIfo=x, f1 = y3.

We say freg if JatG,5.t
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and furg iff Ibec sot

xYy.
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Proposition:fig, h:x-y in an orcat, then

i) fref; iii)freg=0furg;
ii) freg and greh-free; in furgfreg.

Therefore her are equivalence relations.



Lemma: f f 'and gg'. Leta be a composite of gif
and h'a composite of gift, then h=h.

Lemma: fix-y then If]. (idy] = [f] =[idy] ·[f].

Lemma:If (gJ0(f]= (n) and [h]-g]= [v], the [hJo[n]= [f]o[v].

Definition: Let 6 be an e-cot. We define ob6)= to and
morh6):= home."/ where :6 -> N.hal.

Proposition:Lett be an orcet,o a cat, and let0:2-N.D
be a simplicial map. Then there exists a unique map 4:N.(6)+N.(8)
such that

2- N.(6)

*- N.Y
Recall thatfor categories we have

Fun/6xD, E) = Fun/G, Fun/D,5)).

we wanta bijection

Homsset/6x0,2) = Homsset/6, Hemsset/0,El)

so we have to propose assetstructure on Hamsset/, 2).
We say

Fun/x, Yn:-Hamsset/0"xX,Y)

S:<n]- [m] Hem/sx id,Y): Hom/xx,y) -> Hom/omxx,y)-



Proposition:Fun: ssetpysset -> sset and

5- -> fun/x,y)] <> (0xX+ y3.

Proposition Hom/XxY,z) = HomrX, Funry,z)) natural on
all variables.

Proof:Ham/XxY,z) -> Hem/,Fun/y, z1)

fixxx+ z 1- F: x +Funry,z)
xeXn- f(x)

Xxid
-xY -> XxY

-
and we constructinverse g: Hom/X, Funky,z1->Hom/xxy, 2)

~ incomplete!)


